Mastery-Based Testing in Undergraduate Mathematics by Collins, J.B. et al.
Digital Collections @ Dordt 
Faculty Work Comprehensive List 
3-19-2019 
Mastery-Based Testing in Undergraduate Mathematics 
J.B. Collins 




University of Kansas 
Katie Anne Haymaker 
Villanova University 
Alyssa Marie Hoofnagle 
Wittenberg University 
See next page for additional authors 
Follow this and additional works at: https://digitalcollections.dordt.edu/faculty_work 
 Part of the Higher Education Commons, and the Science and Mathematics Education Commons 
Recommended Citation 
Collins, J., Harsy, A., Hart, J., Haymaker, K. A., Hoofnagle, A. M., Janssen, M., Stewart Kelly, J., Mohr, A. T., 
& O'Shaughnessy, J. (2019). Mastery-Based Testing in Undergraduate Mathematics. PRIMUS, 29 (5), 441. 
https://doi.org/10.1080/10511970.2018.1488317 
This Article is brought to you for free and open access by Digital Collections @ Dordt. It has been accepted for 
inclusion in Faculty Work Comprehensive List by an authorized administrator of Digital Collections @ Dordt. For 
more information, please contact ingrid.mulder@dordt.edu. 
Mastery-Based Testing in Undergraduate Mathematics 
Abstract 
Mastery-based testing is an assessment scheme that challenges students to provide complete solutions 
to problems derived from clear course concepts. Students are allowed multiple attempts to demonstrate 
mastery, which helps create a classroom environment where students value persistence toward thorough 
understanding. In this paper, we describe in detail the benefits and implementation of mastery-based 
testing in college mathematics courses. We also summarize student response data that show positive 
reactions to this testing method. 
Keywords 
assessment, growth mindset, mastery 
Disciplines 
Higher Education | Science and Mathematics Education 
Authors 
J.B. Collins, Amanda Harsy, Jarod Hart, Katie Anne Haymaker, Alyssa Marie Hoofnagle, Mike Janssen, 
Jessica Stewart Kelly, Austin Tyler Mohr, and Jessica O'Shaughnessy 
This article is available at Digital Collections @ Dordt: https://digitalcollections.dordt.edu/faculty_work/1135 
Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=upri20
PRIMUS
Problems, Resources, and Issues in Mathematics Undergraduate
Studies
ISSN: 1051-1970 (Print) 1935-4053 (Online) Journal homepage: https://www.tandfonline.com/loi/upri20
Mastery-Based Testing in Undergraduate
Mathematics Courses
J. B. Collins, Amanda Harsy, Jarod Hart, Katie Anne Haymaker, Alyssa Marie
(Armstrong) Hoofnagle, Mike Kuyper Janssen, Jessica Stewart Kelly, Austin
Tyler Mohr, & Jessica OShaughnessy
To cite this article: J. B. Collins, Amanda Harsy, Jarod Hart, Katie Anne Haymaker, Alyssa Marie
(Armstrong) Hoofnagle, Mike Kuyper Janssen, Jessica Stewart Kelly, Austin Tyler Mohr, & Jessica
OShaughnessy (2019) Mastery-Based Testing in Undergraduate Mathematics Courses, PRIMUS,
29:5, 441-460, DOI: 10.1080/10511970.2018.1488317
To link to this article:  https://doi.org/10.1080/10511970.2018.1488317
Accepted author version posted online: 15
Aug 2018.
Published online: 19 Mar 2019.
Submit your article to this journal 
Article views: 329
View related articles 
View Crossmark data
Citing articles: 2 View citing articles 
Mastery-Based Testing in Undergraduate
Mathematics Courses
J. B. Collins, Amanda Harsy, Jarod Hart, Katie Anne Haymaker,
Alyssa Marie (Armstrong) Hoofnagle, Mike Kuyper Janssen, Jessica
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Abstract: Mastery-based testing is an assessment scheme that challenges stu-
dents to provide complete solutions to problems derived from clear course con-
cepts. Students are allowed multiple attempts to demonstrate mastery, which
helps create a classroom environment where students value persistence toward
thorough understanding. In this paper, we describe in detail the benefits and
implementation of mastery-based testing in college mathematics courses.
We also summarize student response data that show positive reactions to this
testing method.
Keywords: Assessment, growth mindset, mastery
1. ASSESSMENT AS A GUIDE TOWARD MASTERY
Students of mathematics are asked to explore a rich and diverse land-
scape of ideas. Some features are more difficult to surmount than others;
for a calculus student, differentiation of polynomials is a gently sloping
hill, whereas the Fundamental Theorem of Calculus is more like a sheer
cliff. Assessment is one of the ways in which we guide students to note-
worthy landmarks and assist with the climb.
As teachers, we use assessment as an aid to determine student learn-
ing and achievement as well as communicate feedback to our students on
their understanding of course concepts. Frequently, an A letter grade
corresponds to exceptional performance and learning, whereas a C is
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average, and a B somewhere in between. What precisely is indicated
when we average these letter grades over many assignments? Does an A
signify exceptional competency on all learning goals or merely satisfac-
tory competency on all learning goals? What does a C mean? Did the stu-
dent attain some of the outcomes at a satisfactory level and others not at
all? Did the student demonstrate partial understanding of all of the
course concepts? When a grade is determined by a weighted average it
could be either, or a mix of both. A final percentage grade of 70% could
be obtained by earning a 7 out of 10 on all work, or 10 out of 10 on 70%
of the work and zeros on the remaining 30% of the work.
Using assessments based on accruing points treats the landscape as
though it were flat and tasks students with traversing 70% (or 80% or
90%) of the terrain. Such guidance often provides a perverse incentive to
approach a new mountain, march around the gentlest parts of the base,
and leave it behind without experiencing its important and beautiful
heights. Indeed, traditional partial credit-based exams frequently encour-
age students to focus their attention on “earning points” as opposed to
understanding why their work was assessed the way it was, and keeps
them guessing about what constitutes the big ideas of the course.
Moreover, maintaining consistency in awarding partial credit is difficult,
even if the same person is awarding the points from exam to exam. Often
teachers feel the need to give some partial credit if the student writes down
anything relevant at all. In short, traditional, partial credit-based exams
are often “unpleasant” for faculty [11]. Moreover, historically, the original
function of grades as a private communication method gave way to using
grades as an external communication tool [12], a transition that may result
in an over-emphasis on summative assessment in the classroom.
A traditional exam structure is high-stakes: if a student does not
demonstrate mastery of the content assessed on a given midterm, the stu-
dent is usually stuck with that grade, regardless of whether or not the stu-
dent eventually understands the relevant material. Traditional exams do
not give students an opportunity to achieve success through effort and
practice. Developmental psychologist Carol Dweck states that the most
motivated students believe that they can develop their abilities through
their effort towards learning concepts (the “growth mindset”) rather than
believing their achievement will be limited by innate intelligence (the
“fixed mindset”) [7]. According to Dweck, looking at the response of stu-
dents to failure or mistakes, there is a clear dichotomy in reaction. Either
students are “helpless” or “mastery-oriented.” Those who have a more
helpless/fixed mindset of learning quickly lose confidence in their ability
and question their intelligence. On the other hand, students with the
growth perspective take failure as an opportunity to learn from mistakes.
They view their failures not as a reflection on their intelligence, but rather
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a challenge which will require more time and new techniques ([9], p. 9).
As teachers, we would like our students to have a growth mindset
towards mistakes, and thus should aim to have assessments which sup-
port this goal.
Assessment techniques have already been introduced to counteract
entity (fixed) learning culture [4]. For example, Beatty discusses a stand-
ards-based grading scheme he used in an introductory physics course [1].
In the course, students were not awarded points per test, but points per
standard or objective for the course. In another university physics course,
Studman used a mastery learning method in which a certain set of objec-
tives were given in small units to the students, and they had to achieve
mastery on them to pass the course [13]. In Studman’s course, students
were allowed multiple attempts to show mastery, and testing was consid-
ered part of the learning process. Some teachers even use methods of
grading in which no points are used. Instead, a grade is assigned based
on how well the student meets the clearly laid out course objectives [2].
Since 2014, the authors have been exploring a method of assessment
in our mathematics courses which we hope helps foster a growth mindset
approach to learning [7]. We call this assessment technique Mastery-
Based Testing (MBT). As we guide our students through the rich and
vibrant landscape of ideas, MBT proceeds under the assumption that
those final arduous feet climbing atop a peak are the most transforma-
tive. Indeed, the students’ resistance to face a particular challenge is evi-
dence that they have much to gain by undertaking it. Therefore, rather
than directing students to explore a fixed percentage of the total area, we
ask students to conquer a fixed number of carefully chosen peaks. When
a student finally reaches a pinnacle such as genuinely understanding the
definition of a logarithm, solving a related rates problem in full, or put-
ting the finishing touches on a proof by induction, they experience
growth on at least three fronts. First, students take careful stock of their
content knowledge, patching up deficiencies in prerequisites and grap-
pling with the subtleties of advanced ideas. Second, they synthesize this
knowledge to produce a rigorous solution to a challenging mathematical
problem. Third, they learn to persevere academically and develop the
confidence that comes only from pushing past one’s perceived limita-
tions. This assessment method helps guide students to the top of these
figurative mountains and gives them a chance to train if they are not
ready to tackle the peak. Allowing students a chance and reason to revisit
old ideas that they have not fully understood supports a growth mindset
towards learning, since students who work hard and learn from their mis-
takes are able to persevere in reaching the top of their personal summit.
Although MBT is similar to other techniques intended to focus on
complete understanding of material and counteract a fixed mindset
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toward learning, it is unique in that it accomplishes these goals by means
of standard in-class assessments such as tests and quizzes only.
Studman’s implementation of mastery learning differs from MBT in that
the units are small, and testing can occur at any time, not just during
regular tests or quizzes. Hence, large class sizes may be prohibitive for
implementing mastery-based assessment at the level described by
Studman. Furthermore, in Studman’s approach, mastery does not entail
full conceptual understanding (as in MBT), but instead a student just
needs to show general knowledge of the content, which is akin to getting
a C [13]. In Beatty’s standards-based grading, points-based scores are
used, not mastery grading, but as with MBT, these scores relate to a par-
ticular skill or objective for the course [1]. Finally, the “no-points”
method discussed in [2] is similar to MBT, but no concept of mastery is
introduced. Williams also describes using specifications-based grading in
an introduction to proofs course, which demonstrates how a related
grading system can be implemented in the college mathematics setting
[14]. Rigorously exploring the student impact of these methods of assess-
ment is an ongoing area of research (see [10] for example).
This paper introduces details of implementing MBT in a college
mathematics classroom, and also describes logistics and student
responses to this assessment technique. In Section 2, we give the motiv-
ation and goals of MBT, as well as a sample implementation to highlight
the common features that characterize this assessment method. Section 3
provides details on implementing MBT. Student feedback is summarized
in Section 4, and Section 5 concludes the paper.
2. GOALS AND CHARACTERISTICS OF MBT
2.1. Goals of MBT
The purpose of MBT is to redesign assessment procedures to overcome
some of the undesirable incentive structures that are inherent to typical
partial credit examination formats. Our goals are to use MBT to empha-
size a clear outline of important course concepts, motivate students to
develop a deep conceptual understanding of course materials, to encour-
age a growth mindset for students, reduce test anxiety, and to do so in a
way that is scalable for large classes without imposing an unrealistic
workload for teachers. We aim to shift the incentive structure of exam
grades to reward students that work to develop a deep understanding of
course materials, and deter students from relying on memorization and
other study habits that yield superficial understanding. Our testing struc-
ture provides students the opportunity to overcome knowledge deficits
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and initial misconceptions with minimal punitive effects on their final
course grade, thus encouraging the attitude that they can improve their
mathematical skill through persistence.
2.2. Characteristics of MBT
MBT is characterized by three essential features: clear course concepts,
credit only for mastery, and multiple attempts to display mastery.
Implementations of MBT vary greatly, but all possess these common
attributes. We will explore these three characteristics as we build a basic
sample implementation.
2.2.1. Clear Concepts
A good place to begin is to partition the course content into a dozen or
more rich concepts. A single exam question should be associated with a
clearly defined range of content pertaining to that concept.
For example, suppose you list “Basic Enumeration” as an assessment
concept in a discrete mathematics course. You might indicate on a study
guide that this item will require the student to demonstrate proficiency
with the multiplication principle, permutations, and combinations.
Having set clear bounds on the problem, you are free to create as rich a
problem as you like. Perhaps you can devise a single problem that satis-
factorily incorporates all these ideas. Alternatively, you may choose to
divide the problem into two parts, the first of which involves only permu-
tations and the second combining the multiplication principle and combi-
nations, as in the following example:
1. How many words can be made from the letters A, B, C, and D
(using each exactly once) in which the A does not come immediately
before the B?
2. A ternary string is a sequence made from zeros, ones, and twos.
How many six-digit ternary strings contain exactly three zeros?
In this example, it is important not to indicate which part requires
which technique, since choosing the right tool for the task is part of
the concept.
2.2.2. Credit Only For Mastery
There is no partial credit in a mastery-based exam; a question is either
mastered or it is not. A refreshing aspect of the method is that the
instructor may use their expert judgment to determine whether a student
has understood the important aspects of the problem and award mastery
accordingly.
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For example, if the solution to a calculus problem is correct save for
an inconsequential error in algebra, it may not be a good use of the stu-
dent’s time to study this calculus concept again. At the other extreme, a
solution that demonstrates perfect technical proficiency with algebra, but
poor understanding of the calculus concepts being tested will certainly
benefit from studying precisely these concepts a second time. In any case,
the standard set for a student to achieve “mastery” of a topic should
reflect a high expectation of conceptual understanding of the concept.
We can guide students to study the concepts that are most relevant to
their understanding of calculus by awarding mastery to the former and
withholding it from the latter. Withholding mastery creates a learning
opportunity only if students are given additional chances to demonstrate
their improved understanding, which brings us to the third key character-
istic of mastery-based exams.
2.2.3. Multiple Attempts to Display Mastery
It is important to allow multiple attempts on each concept so that stu-
dents can incorporate instructor feedback and make progress toward
mastery. Moreover, previous failed attempts should not adversely affect
a student’s grade once the item is mastered. Penalizing failed attempts
does little to incentivize timely mastery and reinforces the pernicious
myth that one must fully apprehend new concepts immediately to be suc-
cessful in mathematics.
There are many creative ways to allow for multiple attempts. A sim-
ple model for a course with, say, 16 concepts is to have four in-class
exams, each of which features questions pertaining to all previous out-
comes plus four new ones. That is, the first exam features questions per-
taining to outcomes 1–4, the second features outcomes 1–8, the third
features outcomes 1–12, and the fourth features outcomes 1–16. The final
exam should not feature any new concepts, since students would have
only one attempt to display mastery on such questions. Thus, if a student
has mastered every concept before the final exam, that student would not
need to take the final exam. Alternatively, a traditional final may also be
giving if an instructor would like students to revisit ideas or the university
requires all students to sit for a final exam.
After each attempt, the instructor returns the graded questions with
feedback on how the student could display mastery on future attempts.
The instructor must create alternate versions of each question that fairly
address the same objective, but differ enough so that rote memorization
of previous answers is of no help. Under this exam structure, a student
could fail to master objective 1 four times without penalty and display
mastery on the final exam, earning full credit for that objective. More
commonly, a student will display mastery on the first or second attempt
and simply ignore the alternate versions appearing on subsequent exams.
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2.3. Benefits of MBT
Examination is a necessary part of math courses to assess student learn-
ing, and the way in which we structure exams greatly impacts study hab-
its and outcomes for students. Our stated goals for MBT include
restructuring the way students are compelled to learn in order to over-
come some common issues in math courses. We would like to highlight
some ways in which a mastery-based approach to exams surpasses ones
based on points with respect to content knowledge, student mindset, and
instructor time. These items, in part, explain the mechanism by which
student behavior is influenced by MBT to achieve specific learning goals.
2.3.1. Content Knowledge
Our goal as math instructors is for our students to develop critical think-
ing skills and a deep understanding of mathematical concepts. Points-
based exams encourage studying many topics superficially, since a stu-
dent who memorizes the relevant formulas and performs some superficial
algebraic manipulation may earn half credit or more without having truly
engaged with the concepts in the question. On the other hand, a mastery-
based approach encourages students to engage more meaningfully with
the most important ideas in the course. The mastery-based approach
requires students to take those final, difficult steps to develop a complete
solution. Sorting out the fine details develops lasting problem-solving
skills, even if it comes at the cost of addressing fewer concepts over the
duration of the course. Moreover, this attention to detail comes much
earlier in the course since students have the opportunity to display mas-
tery on subsequent exams. Contrast this with a typical points-based
exam, wherein students may be perversely incentivized to ignore old
material until the final exam.
2.3.2. Student Mindset
Mathematical study is exceptionally effective in training students to per-
severe in solving complex problems. Points-based assessment can under-
mine this valuable experience by allowing students to halt their progress
too early in the problem-solving process. Indeed, it is not uncommon for
students to earn passing course grades without having completely solved
a single exam problem. Under a mastery-based system, students must
persevere in developing a rigorous solution in order to receive credit, and
this may require multiple iterations of assessment, critique, reflection,
and reassessment. This process of productive struggle is well-suited to the
development of the growth mindset belief that failure, far from being evi-
dence of an insurmountable shortcoming, is the very means by which one
grows toward richer understanding.
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Indeed Dweck shows that when students build towards thinking
that their mathematical ability is not innate, they perform better [8]. By
giving assessments like MBT which allow students to view their failures
not as a reflection on their intelligence, but rather a challenge which
will require them to spend more time developing their techniques, we
are supporting a growth-mindset of learning as described by Dweck
[9]. The reassessment attempts central to MBT provide opportunities
for growth that have the potential to improve student outcomes. In a
randomized study of sixth grade students, Butler and Modecai found
evidence supporting the hypothesis that “intrinsic motivation would be
maintained after receipt of nonthreatening, task-related evaluation and
undermined after repeated nonreceipt of feedback or receipt of control-
ling normative grades” [3], which suggests that providing quick
feedback along the lines of the MBT system can help to bolster stu-
dent motivation.
2.3.3. Instructor Time and Pedagogy
The use of mastery-based exams adds value to the time invested by
instructors related to office hours and grading. Exam performance is a
function of the number of concepts that students understand deeply,
which prompts thoughtful questions and productive discussion during
office hours and review sessions. Grading can be less time-consuming on
a per question basis since students tend to submit high-quality responses
to a few questions and leave the others blank. Moreover, the time spent
determining the appropriate point deduction for various sorts of errors is
completely regained. Finally, the very act of providing careful feedback is
made more meaningful by the strong likelihood that students will read it
closely and focus their study accordingly.
Although MBT may have an impact on instructor pedagogy and
planning due to having to establish course concepts before the course
begins, this assessment method can be adapted to a wide variety of in-
class pedagogical techniques.
3. IMPLEMENTING MBT
We provided some suggestions for implementation in Section 2 along
with the fundamental features of MBT. In this section, we focus on the
practical details for using MBT in your course. Keep in mind that there
is no “right way” to implement MBT, and it can take a few semesters of
using this assessment method to determine exactly the policies that fit
best with your individual teaching style. Here, the authors address a few
key areas to consider when converting a course to using MBT.
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3.1. Concepts
One of the first major decisions in creating a plan for implementing MBT
is to determine the course concepts. Course concepts should encompass
the “big ideas” and essential topics of the course. These concepts should
be broad enough to allow the instructor to write multiple versions of rich
questions. On the other hand, using too few topics may result in an
unreasonably coarse grading scale or too few topics to fill all exams. Two
samples of course concepts are given in Table 1.
One option is that an instructor may require that students master
certain core concepts in order to pass the course. Although unlikely, a
student who does not master all core concept questions will not pass the
course, even if they have passed all other objectives. One author chooses
to incorporate core concepts into her Calculus I course because she feels
“[they] allow my students to focus their studies on key topics and be bet-
ter prepared for follow-on courses.” She further refines the Calculus I
topics from Table 1 by identifying seven as core concepts (shown
in bold).
Writing the exam questions themselves requires the instructor to
establish a more focused notion of the specific learning objectives for
each concept. DeLong and Winter provide an algorithm for generating
lessons based on specific learning objectives (SLOs) [5]. Although the
author’s method is specifically aimed at in-class activities and lesson-
planning, the ideas can also be adapted to develop exam questions in the
MBT setting. Indeed, in a subsequent work Delong, Winter, and Yackel
discuss assessments in conjunction with SLOs [6] (see Section 4.3.2).
Table 1. Sample course concept lists. Calculus I features core concepts in bold
Calculus I Real Analysis
Basic Limits Logical Constructs
Delta-Epsilon Proofs Proof Techniques
Continuity Properties of Real Numbers
Limits at Infinity Convergence of Sequences
Definition of Derivative Monotone Convergence
Product/Quotient/Chain Rule Cauchy Sequences
Implicit Differentiation Limits of Functions
Related Rates Limit Theorems
Mean Value Theorem Continuity
Graphing Using the Derivative Properties of Continuous Functions
Optimization Problems Differentiability
Newton’s Method Properties of Differentiable Functions
Fundamental Theorem of Calculus Mean Value Theorem
Approximate Area Under the Curve Riemann Integration
Basic Integration Properties of Riemann Integrals
u-Substitution Integration and Differentiation
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3.2. Reassessment Opportunities
A key component of MBT is providing students multiple opportunities
to test on each topic. Revisiting unmastered material allows students to
address gaps in their understanding and promotes the development of a
growth mindset toward learning. You may choose to limit reattempt
opportunities only to subsequent exams as suggested in Section 2, or to
allow additional opportunities for students to retest between the major
exams. For the purpose of consistency, we call these additional retest
opportunities quizzes, but they are not always quizzes in the traditional
sense. These quizzes can be an excellent place for students to gain confi-
dence in their knowledge and reduce anxiety before the next exam.
Quizzes are also useful if the time allotted for exams is fixed. In such cir-
cumstances, later exams can become very long for students that have not
mastered many topics. Using quizzes between exams can reduce the num-
ber of concepts students need to attempt and allow them a reasonable
chance to master questions in the allotted time.
Quizzes can be given regularly throughout the semester on weeks
where there is no exam. They can also be done in class or during office
hours when the student is available. The quizzes can be organized to give
students an opportunity to demonstrate mastery on just a single topic or
multiple topics. One author utilizes “testing weeks,” in which there is a
particular week when students can use office hours to attempt a single
topic at a time. They may try as many topics as they like, but only once
for each topic during that week. Obviously there are multiple combina-
tions and variations on each of these ideas, so each instructor can tailor
retesting opportunities to each course, group of students, and teach-
ing style.
3.3. Logistics of Writing Tests
Quizzes illuminate a key challenge to implementing MBT, which is the
large number of exam questions to be generated and the large number of
exams that must be written. Since each test includes learning objectives
from previous exams, numerous versions of each of the questions are
needed throughout the semester. In addition, the later exams will have an
increasing number of questions on them, which makes the logistics of
writing them increasingly complicated.
Generating exam questions can be made considerably easier by a
thoughtful choice of questions. Often in MBT, questions are chosen so
they can be easily modified while still testing the same concept. This can
be a matter of changing numbers or modifying an equation from a poly-
nomial to a trigonometric function. It can also be useful to generate a
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few classes of problems and modify the numbers within each class. In a
related rates objective, for instance, one could identify the problem
classes of sliding ladder, passing ships, and rising balloon. Changing the
numbers within each problem allows one to generate a large number of
versions with little effort.
Due to the many versions of each question that must be generated, it
is helpful to store them in advance as a digital library. By generating all
versions of each objective question (preferably before the semester starts)
and organizing them by objective, writing the exams becomes essentially
a matter of copy and paste. Therefore, once the initial work is done, writ-
ing exams and quizzes in an MBT setting is very quick and easy. One of
the authors uses a nLaTeX database to randomly generate new exams,
and an investigation of other implementation methods (such as the use of
a learning management system) is an area of ongoing work.
3.4. Grading
Since MBT requires changing the way we approach in-class assessment,
we provide suggestions and examples of grading schemes, how to deal
with final grades, and methods for record-keeping during the semester.
Although grade inflation may be a concern, in a 2-year study comparing
MBT with traditional assessment, the grades earned in the courses were
independent of the presence of mastery-based testing [10].
3.4.1. Exam Grading Schemes
It is essential to set an objective rubric for determining mastery. The
important thing in this determination is to set the standards high enough
to satisfy or exceed the desired expectations for a student who has passed
the course. Keep in mind that this may vary between instructors and insti-
tutions. In general, the standards for mastery should be set high since it sig-
nifies that the student has demonstrated such deep understanding of the
topic that they need not be tested further on it. It may be helpful to con-
sider the question:Will this student benefit from studying this topic again?
Providing feedback for students on individual exam questions is
important. It must be clear to the student whether they have or have not
mastered a concept. Some choose to grade exam questions using a binary
system: either a “mastered” or “not yet” performance on each objective.
For others, a three-tiered system: often “mastered,” “progressing,” and
“insufficient” levels is preferred. However, the addition of a “progressing”
or similar level does not award students any credit in terms of their grades.
They are used to provide encouragement and/or incentive for students to
keep working towards mastery. This highlights an important point in terms
of implementation in the classroom. It is crucial that students understand
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that they only receive credit for “mastery” grades on an exam question,
not for “progressing,” “insufficient” or other intermediate rankings.
3.4.2. Final Grade Calculation
The methods for calculating the final exam average generally fall into
two categories: equal weighting and core concepts. The core concepts
method regards certain concepts as more important than others. To
obtain at least some minimum grade in a course, students are required to
show mastery on all of the core topics. These core topics usually repre-
sent the necessary ideas for moving on to the next course in a sequence,
or simply the material that is critical to the course content. Higher grades
are determined using the topics that are not from the core. As an
example, for a course that has 16 topics in which seven are core concepts,
a student must master all seven core concepts to receive a 70%, and their
grade above a 70% is determined by how many of the other nine topics
they master.
Among those who do not use core concepts, some will remove 5%
from 100% for each topic not mastered by the end of the course (resulting
in a minimum average greater than zero). If one wishes to start from 0%
and add credit, it will probably be necessary to weight the first several
topics mastered by a student higher than the final topics so that the
maximum score is 100%. This method has the added benefit of building a
student’s confidence as they are beginning to master concepts. Mastery-
based exams can easily be incorporated into a weighted average grading
scheme by using a single large weight for the overall exam score (e.g.,
70% exam, 20% homework, 10% participation).
3.4.3. Recording Grades
Recording exam grades in MBT is straightforward. One only needs to
keep a “not mastered”/“mastered” record for each topic for each student.
Table 2. The chart above helps students estimate their current class average by
dividing their total number of mastered concepts by the total number of con-
cepts seen so far. It is filled out for a hypothetical student mastering three con-














#1, 2, 3, 4 3 4 75
October 7,
2016
#5, 6, 7, 8, 9 7 9 78
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It can be informative to also note on which exam the topic was mastered.
Table 2 is a sample test grade sheet used for a first semester differential
Calculus course taught using MBT with 16 topics. In this course,
students were limited to three attempts of mastery, so students were given
a chart to keep track of their progress (see Table 3). Having an efficient
system of record keeping in mind prior to implementing MBT will help
not only in calculating mid-semester grades, but also provide you
with the ability to communicate effectively with students regarding their
progress in the course.
MBT can be incorporated into an existing grading system by simply
replacing the test score with the percentage of mastered topics. That is, it
can fit into a typical course structure along with any quizzes, homework,
or other class activities. Of course, one could also structure other class
activities in a mastery-based format. Further implementation of mastery-
based learning along these lines may be closer to other mastery-based
and specs-based learning programs, for example in [1] or [11].
4. STUDENT REACTIONS
4.1. Survey Responses
We gave an end of semester survey (see Appendix A) to the students in
each of the mastery-based assessment classes to see their overall impres-
sions of MBT. These questions fell in three main categories: effectiveness,
fairness, and study techniques. The data includes survey responses from
135 students at six different institutions. The data was compiled in aggre-
gate and the quoted responses are not attached to a particular institution.
Students were enrolled in mathematics classes that ranged from the
Calculus sequence and finite mathematics to mid-level courses like statis-
tics, linear algebra, discrete mathematics, and differential equations to
math major courses like introduction to proofs, abstract algebra, and
analysis. Universities represented in this data ranged from small (1500 to
2000 students) to mid-sized (5000 to 6500) private universities to regional
public universities (9000 to 28,000 students).
Table 3. This chart helps students keep track of which concepts have been mas-
tered and how many attempts have been made





In the effectiveness section, we asked students to decide how well
they learned the material. Student responses are detailed in Table 4.
Questions 1, 2, and 4 asked students if the assessment helped them under-
stand the material more deeply. Students answered these questions over-
whelmingly positive with between 81.8% and 100% of students agreeing
or strongly agreeing. We also asked if students felt it prepared them for a
variety of problems, and 84.2% of students agreed or strongly agreed.
In the section on fairness, we asked students if their results accurately
reflected their knowledge, to which 81.3% assented. We also asked stu-
dents whether they were anxious before exams, and 42.7% disagreed or
strongly disagreed. (Note that students were asked whether they experi-
enced any anxiety, not whether it was higher or lower than with other
testing methods.) Detailed results can be found in Table 5.
Finally, we asked several questions on study methods. The majority
of students in the classes said they spent 3–5hours per week studying
(54%) with no students reporting spending more than 11hours outside of
class. The two largest areas students look to for studying were review
materials (56%) and their class notes (63%). We also asked whether stu-
dents spent time memorizing solutions to past exams. This is a common
concern when deciding to depart from traditional grading schemes, yet
73.1% of students did not feel they spent time memorizing past solutions.
We also compiled student feedback from surveys and end of the year
course evaluations. The feedback was overwhelmingly positive. Students
appreciated that MBT allowed them to practice and reevaluate material.
One student in a Real Analysis course wrote:
I like the way that [mastery-based exams] ensure you keep working at a
topic until you know how to do it, rather than just deciding not to care
because you won’t see it again after the test. In Analysis a lot of the
content builds off of each other as well, so I thought this was a good
and fair way to make sure we were mastering old content while working
on new content at the same time.















67.3 32.1 0 0.58 0
Helped learn material 49.1 46.8 2.3 1.2 0.6
Deepened my
understanding
35.1 54.4 5.3 0.6 4.7
Prepared me for a
variety of problems
22.8 61.4 9.9 1.2 4.7
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Other students echoed this response saying that MBT allowed them the
time to “actually grasp the concept of the topics” and “keep up on old con-
cepts from earlier in the semester.” In general, most students said that this
method of testing reduced stress when taking exams. One student remarked:
I feel that mastery-based testing alleviated a lot of the pressure brought
upon me as a college student from exams normally, and also re-enforced
learning concepts I had difficulty mastering in a different way, helping
to solidify knowledge of concepts that I did not understand as well.
Students also said that MBT helped them identify and focus on con-
cepts. One student stated, “I like the mastery-based testing, it forced me
to learn the concepts I did not understand initially.” Another said they
enjoyed this assessment “because math revolves around practice.” All of
these comments support a growth mindset of learning.
Students also mentioned that it was important for instructors imple-
menting MBT to have clear grading systems and give their students
enough opportunities to retest. One student said:
I am an advocate for the mastery-based assessment system. However,
this advocacy is contingent upon the instructor providing sufficient
opportunities to succeed.
Some students complained that the increased size of the exams could
feel “overwhelming” especially if they did not stay on top of mastering
concepts. Note that this concern can be addressed by additional reassess-
ment opportunities, as described in Section 3. Despite these reservations,
the majority of student responses were in support of MBT.
4.2. Student Buy-In
It is important to make sure students completely understand the MBT
grading system, as it is likely to be substantially different than other grad-
ing systems they have experienced. Giving a pitch or advertisement for
MBT at the beginning of the semester is essential in order for students to
both understand and buy-into the grading system which is probably














32.2 49.1 15.2 2.3 1.2
I felt anxious before
exams.
22.8 31.0 31.0 11.7 3.5
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unfamiliar. In the initial explanation of MBT to the class, it helps to
emphasize that exams will be graded much harder on an “all-or-nothing”
basis, but they will have several attempts for each topic. Encouraging
and reminding students to take advantage of retesting opportunities will
also help class morale and motivation. It is also beneficial to emphasize
the pedagogical reasons behind this non-traditional assessment format.
Often students provided us with informal feedback about MBT dur-
ing the semester. Usually the biggest adjustment has been the lack of par-
tial credit. For example, if a student misses one part of a multi-part
question, they may respond with frustration that the other correct answers
do not “count.” Reiterating the importance of mastery and emphasizing
all future reassessment opportunities can address these concerns.
We have also observed that most students were able to perform at a
higher level compared with traditional testing, and that some students
who would have failed (due to being under-prepared coming into the
course or not passing the first test) worked really hard and eventually
passed the class.
Openly discussing the intended goals of MBT throughout the semes-
ter (as well as reiterating the means by which grades are determined) can
help students accept the new method.
5. CONCLUSION
In this article, we have presented MBT as an alternative method of
assessment in math courses. The fundamental attributes of MBT are
clear course concepts, credit only for mastery, and multiple attempts with
complete forgiveness. Under these parameters, course incentive structures
are shifted dramatically. Students are encouraged to develop a deep
understanding of the content goals, which can often be circumvented in
traditional, partial-credit testing regimes.
Repeated testing of course materials with complete forgiveness for
past performance motivates students to continue to revisit misunderstood
concepts, thereby supporting the development of growth mindset in stu-
dents. The direct alignment of course concepts with awarded grades puts
the student and instructor on the same page in terms of course concepts
and formulation of study habits. This in turn improves the quality and
efficiency of instruction during office hours, and motivates students to
more carefully consider feedback on their exams.
Implementations of MBT can be varied widely to fit different course
content, teaching styles, and class sizes. We have used MBT in calculus,
differential equations, introductory analysis courses, and others with
largely positive experiences for students and teachers.
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As instructors, we wish to impart deep and lasting mathematical
skills to our students. MBT helps us guide students up to the “peaks” of
a given mathematical topic by encouraging everyone to pursue thorough
understanding. From there we hope they will have a better view of the
broader mathematical landscape and of their own capacity to grow intel-
lectually through persistence.
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APPENDIX
ASSESSMENT SURVEY QUESTIONS
The following is the exit survey used to collect the student feedback
presented in Section 4.
1. The assessments in this course test our understanding of
key concepts.
2. Studying for the exams in this course helped me to learn
the material.
3. The results of my in-class assessments accurately reflect
my knowledge.
4. The in-class assessments deepened my understanding of the
ideas in this course.
5. I was anxious before the exams in this course.
6. I relied mostly on memorizing solutions to earlier problems to
prepare for in-class assessments.








8. How many hours per week did you spend on this course out-






f. more than 14 hours
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